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The classical invariant theory of a ﬁnite group acting on a commutative polynomial ring over a
ﬁeld of characteristic zero has been generalized to several noncommutative settings. One such setting
is the action of a ﬁnite group on an Artin–Schelter regular algebra, which when commutative, is a
polynomial ring. Here successful generalizations of the theory include a noncommutative analogue
of Watanabe’s Theorem on the Gorenstein property of invariant subrings following the introduction
of the homological determinant [JoZ,JiZ2], and a noncommutative analogue of the Shephard–Todd–
Chevalley Theorem for skew polynomial rings after a reasonable notion of a quasi-reﬂection was
established [KKZ1,KKZ2]. It is natural to consider extending the invariant theory from a group action
to a Hopf algebra action. Replacing ﬁnite group actions by ﬁnite dimensional Hopf algebra actions
creates an additional dimension of noncommutativity (or rather noncocommutativity from the point
of view of the Hopf algebra) that can produce more invariant subrings, as shown in [KKZ2, Proposi-
tion 0.5(ii)].
The study of Hopf algebra actions (and formerly group actions) on algebras has a long history;
see the list of references in Montgomery’s book [Mo]. In this paper we consider Hopf algebra actions
only on connected graded noetherian Artin–Schelter Gorenstein (or Artin–Schelter regular) algebras
[Deﬁnition 1.1], and study homological properties (usually the Artin–Schelter Gorenstein property) of
their invariant subrings. Let V be a ﬁnite dimensional vector space over a base ﬁeld k of charac-
teristic zero. A result of Watanabe states that if G is a ﬁnite subgroup of SL(V ) acting naturally on
the commutative polynomial algebra S(V ) (namely, symmetric algebra of V ), then the invariant sub-
ring S(V )G is Gorenstein (see [W1] and [Be, Theorem 4.6.2]). A version of Watanabe’s Theorem was
proved when the commutative polynomial ring S(V ) is replaced by a noncommutative Artin–Schelter
regular algebra [JoZ, Theorem 3.3]. In this paper we will generalize Watanabe’s Theorem [W1] and
Jorgensen–Zhang’s generalization for regular algebras [JoZ, Theorem 3.3] by replacing the action of a
ﬁnite group G by the action of a ﬁnite dimensional semisimple Hopf algebra H .
In the rest of the introduction let A be a noetherian connected graded Artin–Schelter regular
algebra and let H be a ﬁnite dimensional semisimple Hopf algebra. Suppose that A is a left H-module
algebra such that each homogeneous component A j is a left H-module.
Theorem 0.1 (Theorem 3.6). If the homological determinant hdet of the H-action on A is trivial, then the
invariant subring AH is Artin–Schelter Gorenstein.
The deﬁnition of homological determinant hdet of the H-action on A is given in Deﬁnition 3.3
using the induced action of H on the dualizing complex over A (see also Proposition 5.3(d) and
Lemma 5.10(c) for slightly different interpretations). Most of the other deﬁnitions will be reviewed in
Sections 1 and 2.
A ﬁnite dimensional semisimple Hopf algebra H is viewed as a ﬁnite quantum group by some
authors, and an Artin–Schelter regular algebra A is considered a noncommutative analogue of the
commutative polynomial ring S(V ). If H is the group algebra of a ﬁnite group G , Theorem 0.1 recovers
the original Watanabe’s Theorem [W1] for commutative polynomial rings, as well as the Jorgensen–
Zhang generalization to Artin–Schelter regular algebras [JoZ, Theorem 3.3].
The next result is a partial converse of Theorem 0.1, which is given in a special case.
Theorem 0.2 (Theorem 4.13). Let A be a skew polynomial ring kpij [x1, . . . , xn] and let G be a ﬁnite group of
graded algebra automorphisms of A. Suppose that chark = 0. Then AG is Artin–Schelter Gorenstein if and only
if the hdet of the action of G/K on AK is trivial, where K is the subgroup of G generated by all quasi-reﬂections
in G.
By [KKZ2, Theorem 0.1], the invariant subring AK is Artin–Schelter regular, and hence hdet of the
G/K -action on AK is well deﬁned. Theorem 0.2 is known when A is commutative [NW, p. 103].
Let E :=⊕i ExtiA(k,k) be the Yoneda Ext-algebra of A where k := A/A1 is the trivial (left) A-
module. We can extend the left H-action naturally to the opposite ring Eop [Lemma 5.9(d)] and to
the tensor product A ⊗ Eop (via (5.4.1)). The next corollary is a consequence of Theorem 0.1.
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on A is trivial, then the invariant subring (A ⊗ Eop)H is Artin–Schelter Gorenstein.
The hypothesis that H is cocommutative is almost saying that H is a group algebra. A better
hypothesis is that A ⊗ Eop is a left H-module algebra, but that is not easy to verify (see Lemma 5.5).
We also prove some versions of [Be, Theorem 5.3.2] and [JoZ, Theorem 4.7] (see Theorem 5.12 and
Corollary 5.14).
When H = kG , the above results were used to produce interesting examples of Artin–Schelter
Gorenstein invariant subrings [KK].
The main purpose of this paper is to study the Gorenstein property, but the paper also touches
upon a few other issues in noncommutative invariant theory. For example, Lemma 3.2(b) says that
AH is always AS Cohen–Macaulay, which is used in the proof of the next proposition. In Section 4
we also introduce the notion of a quantum-reﬂection-free action, which is a generalization of a group
representation that contains no reﬂections, and is used in proving a partial converse of Theorem 0.1.
The next proposition is a generalization of [JoZ, Theorem 6.4], which can be viewed as a noncommu-
tative version of Stanley’s Theorem.
Proposition 0.4 (Proposition 3.8). Assume further that A is PI (namely, A satisﬁes a polynomial identity). Then
AH is (Artin–Schelter) Gorenstein if and only if its Hilbert series satisﬁes the functional equation
HAH
(
t−1
)= ±t−mHAH (t)
for some integer m.
This paper is the ﬁrst attempt to study the Artin–Schelter Gorenstein property of invariant sub-
rings under a general Hopf algebra action. There are many other basic questions in this context, one
of which is determining when AH is Artin–Schelter regular, providing a Shephard–Todd–Chevalley
Theorem for Hopf algebra actions.
Question 0.5. Characterize the properties of the action of H on A so that the invariant subring AH is
Artin–Schelter regular.
In Section 7, we give some illustrative examples.
Notation and conventions. Throughout the paper k is a commutative base ﬁeld. In Sections 4 and 7
we further assume that the characteristic of k is zero. The unmarked tensor ⊗ means ⊗k . All vector
spaces, algebras and rings are over k. The opposite ring of an algebra A is denoted by Aop . Usually
we are working with left modules. Sometimes a right A-module is viewed as a left Aop-module.
An A-bimodule can be viewed as an Ae-module, where Ae denotes A ⊗ Aop .
1. Preliminaries on graded rings
In this section we review some deﬁnitions and basic concepts related to Artin–Schelter regularity
and local cohomology.
Let A be a locally ﬁnite N-graded k-algebra; namely,
A = A0 ⊕ A1 ⊕ A2 ⊕ · · ·
where 1 ∈ A0 and Ai A j ⊂ Ai+ j with dimk Ai < ∞, for all i, j ∈ N. If A0 = k, then A is called connected
graded. Throughout let m denote the graded ideal A1 :=⊕i1 Ai . If A is connected graded, then
m is the graded radical of A. Let V be a ﬁnite dimensional vector space. The symmetric algebra (or
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with deg x= 1 for all nonzero x ∈ V . The Hilbert series of A is deﬁned to be the formal power series
HA(t) =
∞∑
i=0
dim Ait
i .
When A is a Z-graded algebra and M and N are graded left A-modules, then the Hom-
set HomA(M,N) means the graded Hom-set; namely, HomA(M,N) = ⊕d HomdA(M,N) where
HomdA(M,N) is the set of all graded A-homomorphisms of degree d from M to N . In this case,
the nth right derived functor ExtnA(M,N) is also Z-graded.
The nth degree shift of a graded module M is denoted by M(n). The nth complex shift of a com-
plex X is denoted by X[n]. The deﬁnition of Artin–Schelter regularity [AS] is now quite well known.
Deﬁnition 1.1. A connected graded algebra A is called Artin–Schelter Gorenstein if the following condi-
tions hold:
(a) A has ﬁnite injective dimension d on both sides,
(b) ExtiA(k, A) = ExtiAop (k, A) = 0 for all i = d where k = A/A1, and
(c) ExtdA(k, A)
∼= k(l) and ExtdAop(k, A) ∼= k(l) for some integer l.
If moreover
(d) A has ﬁnite (graded) global dimension, and
(e) A has ﬁnite Gelfand–Kirillov dimension,
then A is called Artin–Schelter regular.
Next we will brieﬂy recall some facts about local cohomology and dualizing complexes over lo-
cally ﬁnite noetherian N-graded algebras. Most of the material is due to Yekutieli [Ye] and Van den
Bergh [VdB]. Let D(A-GrMod) be the derived category of complexes of left graded A-modules. Some
undeﬁned terminology can also be found in [AZ,Ye,VdB]. The following deﬁnition is due to Yeku-
tieli [Ye].
Deﬁnition 1.2. Let A be a noetherian locally ﬁnite N-graded algebra. A bounded complex R ∈
D(Ae-GrMod) is called a dualizing complex over A if it satisﬁes the following conditions:
(a) R has ﬁnite (graded) injective dimension on both sides,
(b) each cohomology Hi(R) is noetherian over A and over Aop for every i,
(c) the canonical morphisms A → RHomA(R, R) and A → RHomAop (R, R) are isomorphisms in
D(Ae-GrMod).
If A is noetherian and has ﬁnite left and right (graded) injective dimension, then A (as a complex
of A-bimodules) and any complex shift A[n] are dualizing complexes over A.
Let A be a left noetherian graded algebra. We say that A satisﬁes the left χ -condition if
ExtiA(A/m,M) is ﬁnite dimensional over k for all i and all graded noetherian A-modules M [AZ,
Section 3]. The right χ -condition is deﬁned similarly. If A is noetherian and satisﬁes both the left and
the right χ -conditions, we say that A satisﬁes the χ -condition. From now on we assume that A is
noetherian.
For any graded A-module M , the m-torsion functor Γm is deﬁned to be
Γm(M) =
{
x ∈ M ∣∣mnx = 0, ∀n  0}.
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A-submodules of M . The derived functor RΓm is deﬁned on the derived category D+(A-GrMod) of
bounded below complexes of graded left A-modules. For any complex X ∈ D+(A-GrMod), the ith local
cohomology is deﬁned to be
Him(X) = Ri Γm(X).
Clearly,
Γm(M) = lim
n→∞HomA(A/An,M)
and
Him(M) = limn→∞Ext
i
A(A/An,M). (1.2.1)
The left cohomological dimension of A (or of Γm) is deﬁned to be
cd(A) = sup{i ∣∣ Him(M) = 0, for some graded A-module M}.
Most of these facts can be found in [AZ], and the notations used here are slightly different from those
in [AZ].
If M is a graded module, let M∗ denote the graded vector space dual of M; namely,
M∗ =
⊕
n∈Z
Homk(M−n,k).
The graded dual (−)∗ can be applied also to complexes. Let A∗ be the graded dual of the bimodule A.
Then A∗ is an A-bimodule. If A is connected graded, then A A∗ is the injective hull of the graded
trivial A-module k = A/m. The following deﬁnition is due to Yekutieli [Ye, Deﬁnition 4.1].
Deﬁnition 1.3. A dualizing complex R over a connected graded noetherian algebra A is called balanced
if there are isomorphisms
RΓm(R) ∼= RΓmop(R) ∼= A∗ (1.3.1)
in D(Ae-GrMod).
If a balanced dualizing complex over A exists, then it is unique and has nice functorial properties.
The next result of Van den Bergh says that there is a natural way to construct the balanced dualizing
complex. Hence the balanced dualizing complex over A is viewed as a natural object associated to A.
Theorem 1.4. (See [VdB, Theorems 6.3 and 5.1].) Let A be a noetherian connected graded algebra.
(a) A admits a balanced dualizing complex if and only if A satisﬁes the following two conditions:
(i) A satisﬁes the χ -condition, and
(ii) A has ﬁnite left and right cohomological dimension.
(b) If A admits a balanced dualizing complex R, then
R = (RΓmA)∗. (1.4.1)
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theorem of Van den Bergh also holds for locally ﬁnite graded noetherian algebras.
For a graded left A-module M and a graded automorphism σ of A, deﬁne the graded A-
module σ M to be the k-vector space M with the action of a on m deﬁned to be σ(a)m. The following
lemma is due to Yekutieli [Ye, Corollary 4.14] and follows immediately from Theorem 1.4.
Lemma 1.6. Let A be a connected graded noetherian algebra. Then A is Artin–Schelter Gorenstein if and only
if A admits a balanced dualizing complex of the form σ A1(−l)[d] where σ is a graded algebra automorphism
of A and where d and l are the integers given in Deﬁnition 1.1.
The next lemma will be used later.
Lemma 1.7. (See [AZ, Theorem 8.3].) Let A and B be two noetherian locally ﬁnite N-graded algebras. Let mA
and mB denote the graded ideals A1 and B1 , respectively. Suppose that B is a subring of A such that the
B-modules AB and B A are ﬁnitely generated. Then HmB (X) = HmA (X) for any X ∈ D+(A-GrMod).
2. Preliminaries on Hopf actions
In this section we recall some facts about Hopf algebra actions. We refer to Montgomery’s
book [Mo] for basic material about Hopf algebras. Throughout let H be a Hopf algebra with bijec-
tive antipode S , which is automatic when H is ﬁnite dimensional over k. Let A be a left H-module
algebra. By deﬁnition [Mo, Deﬁnition 4.1.1], this means that
h · (ab) =
∑
(h1 · a)(h2 · b) and h · 1A = (h)1A
for all h ∈ H , and all a,b ∈ A. Usually an H-action is denoted by ·. The smash product algebra A # H is
deﬁned as follows [Mo, Deﬁnition 4.1.3]: as a vector space A # H = A ⊗ H , and the multiplication
of A # H is given by
(a # h)(a′ # h′) =
∑
a(h1 · a′) # h2h′
for all h,h′ ∈ H and a,a′ ∈ A. We can identify H with the subalgebra 1 # H and identify A with the
subalgebra A # 1. The following two lemmas are well known.
Lemma 2.1. Suppose an algebra A is a left module over a Hopf algebra H. Then A is a left H-module algebra
if and only if the left A-module and the left H-module structures on A induce a left A # H-module structure
on A.
Lemma 2.2. (See [CF, Lemma 1, p. 368].) Suppose A is a left H-module algebra.
(a) Let M be a left A-module and a left H-module. Then M is a left A # H-module if and only if the H-action
on M satisﬁes
h · (am) =
∑
(h1 · a)(h2 ·m)
for all h ∈ H, a ∈ A, m ∈ M.
(b) Let N be a right A-module and a right H-module. Then N is a right A # H-module if and only if the
H-action on N satisﬁes
(na) · h =
∑
(n · h2)
(
S−1(h1) · a
)
for all h ∈ H, a ∈ A, n ∈ N.
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is a left H-module. This is analogous to a group action on A that preserves the N-grading. In this case
the smash product A # H is an N-graded algebra with degh = 0 for all 0 = h ∈ H . If A is locally ﬁnite
and H is ﬁnite dimensional, then A # H is locally ﬁnite.
Lemma 2.3. Let A be a connected graded algebra and let H be a Hopf algebra. Suppose that A is a left H-
module algebra, and let A # H be the smash product of A with H.
(a) Suppose M is a left graded A # H-module such that the restriction AM is isomorphic to the left A-module
A A( f ) for some integer f . Pick a generator 0 = e ∈ M− f , then ke is a 1-dimensional left H-module, and
for all h ∈ H and a ∈ A
h · ae =
∑
(h1 · a)(h2 · e).
If h · e = (h)e for all h ∈ H, then
h · ae = (h · a)e
for all h ∈ H and a ∈ A.
(b) Suppose N is a right graded A#H-module such that the restriction NA is isomorphic to the right A-module
AA(g) for some integer g. Pick a generator 0 = e′ ∈ N−g , then ke′ is a 1-dimensional right H-module;
and for all h ∈ H and a ∈ A
(e′a) · h =
∑
(e′ · h2)
(
S−1(h1) · a
)
.
If e′ · h = (h)e′ for all h ∈ H, then
(e′a) · h = e′(S−1(h) · a)
for all h ∈ H and a ∈ A.
Proof. (a) The lowest-degree nonzero homogeneous component of M is M− f = ke. Since M is a
graded left A # H-module and H is the degree-zero part of A # H , each Mi is a left H-module. In
particular, ke is a left H-module. The formula follows from Lemma 2.2(a). If h · e = (h)e for all h ∈ H ,
then
h · ae =
∑
(h1 · a)(h2 · e) =
∑
(h1 · a)(h2)e = (h · a)e.
(b) The proof is similar. 
Next we assume that H is a ﬁnite dimensional semisimple Hopf algebra. We could call H a “ﬁnite
quantum group”. Throughout let
∫
be the integral of H such that (
∫
) = 1 ∈ k (the left integral equals
the right integral since H is semisimple), which implies that
∫ 2 = ∫ and h ∫ = ∫ h = (h) ∫
for all h ∈ H . Deﬁne the invariant subring of A under the H-action to be
AH = {a ∈ A ∣∣ h · a = (h)a, ∀h ∈ H}.
If H = kG , then we write AG for AH . Here is a collection of facts from [Mo].
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H-module algebra.
(a) The H-action induces an AH -bimodule projection
∫ : A → A
and the image
∫ ·A is AH . Hence there is an AH -bimodule decomposition
A = AH ⊕ C
where C = ker(∫ : A → A).
(b) [Mo, Corollary 4.3.5] AH is noetherian.
(c) [Mo, Theorem 4.4.2] A is a ﬁnitely generated module over AH on both sides.
The next lemma combines the local cohomology with the facts listed in the above lemma.
Lemma 2.5. Let H be a ﬁnite dimensional semisimple Hopf algebra, and let A be a connected graded noetherian
algebra satisfying the χ -condition. Further assume that A is a left H-module algebra such that each A j is a
left H-module. Let i be any integer.
(a) Each HimAH
(A) is a left A # H-module and the map
∫ : A → A in Lemma 2.4(a) induces an AH-bimodule
projection
Hi
(∫ ) : HimAH (A) → HimAH (A).
(b) The image of the projection Hi(
∫
) is
HimAH
(∫ ·A)= HimAH (AH).
(c) The AH-bimodule projection
∫
induces an AH -bimodule projection
Hi
(∫ )∗ : HimAH (A)∗ → HimAH (A)∗.
There is a natural right A # H-module structure on HimAH
(A)∗ induced by the left A # H-module structure
of A such that the map Hi(
∫
)∗ agrees with the element
∫
via the right H-action on HimAH
(A)∗ .
(d) The image of the projection Hi(
∫
)∗ is
HimAH
(∫ ·A)∗ = HimAH (AH)∗.
Proof. By [VdB, Corollary 4.8], we can compute the local cohomology HimAH
(A) from the left and from
the right. Since A and A # H are ﬁnitely generated modules over AH on both sides, by Lemma 1.7
we can compute HimAH
(A) by using either HimA (A) or H
i
mA#H
(A). By deﬁnition, HimA#H (A) can be
computed by using any injective resolution of the left A # H-module A. Since A is an (A # H, AH )-
bimodule, we can take an (A # H, AH )-bimodule injective resolution of A. By using this injective
resolution, we see that HimA#H (A) is an (A # H, A
H )-bimodule, and hence that HimA#H (A)
∗ is an
(AH , A # H)-bimodule.
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∫ ∈ H on A induces a left action HimAH (∫ ) on HimAH (A). Since∫
is an AH -bimodule map, so is HimAH
(
∫
). Since
∫
is a projection (because
∫ 2 = ∫ ), so is HimAH (∫ ).
(b) Since
∫
is a projection with image
∫ ·A, the assertion follows.
(c), (d) These follow from (a) and (b) by applying the functor (−)∗ . 
3. The homological determinant and the proof of Theorem 0.1
Throughout this section we assume
Hypothesis 3.1.
(a) H is a ﬁnite dimensional semisimple Hopf algebra,
(b) A is a connected graded noetherian Artin–Schelter Gorenstein algebra, and
(c) A is a left H-module algebra and each Ai is a left H-module for each i.
We have three N-graded rings A, AH , and A # H . The ﬁrst two are connected graded and the third
one is locally ﬁnite. By Lemma 1.6, the balanced dualizing complex over A is of the form σ A1(−l)[d]
where d = injdim A. By Theorem 1.4(b), RΓm(A)∗ ∼= σ A1(−l)[d]. This implies that
Him(A)
∗ =
{
0 i = d,
σ A1(−l) i = d.
As a consequence of Lemma 2.5(d), HimAH
(AH )∗ = 0 for all i = d and
HdmAH
(
AH
)∗ = Hdm(A)∗ · ∫ . (E3.1.1)
Therefore we have proved part (b) of the following lemma.
Lemma 3.2. Assume Hypothesis 3.1. Let Ω be the AH -bimodule Hdm(A)
∗ · ∫ .
(a) [YZ, Proposition 4.19] AH admits a balanced dualizing complex. As a consequence, AH satisﬁes the χ -
condition and has ﬁnite cohomological dimension.
(b) The balanced dualizing complex over AH is Ω[d]. Hence AH is AS Cohen–Macaulay in the sense of [Jo,
Deﬁnition 1.1].
(c) AH is Artin–Schelter Gorenstein if and only if Ω ∼= AH ( f ), for some integer f , as a right (or as a left)
AH-module.
Proof. We need to prove only (c). By part (a) and Lemma 1.6 we need to show that Ω ∼= τ (AH )1( f )
as an AH -bimodule. Since Ω ∼= AH ( f ) as a right AH -module, it suﬃces to show that Ω ∼= AH ( f ) as
a left AH -module. Write Ω = eAH as a free right AH -module for some homogeneous element e ∈ Ω .
Let I = {a ∈ AH | ae = 0}. Since Ω = eAH and Ω is an AH -bimodule, I is a 2-sided ideal of AH . Since
Ω[d] is a dualizing complex, I = 0 by Deﬁnition 1.2(c). Hence AH ( f ) → AHe is an isomorphism of
left AH -modules. Computing the vector space dimension over k, we see that
AH ( f ) ∼= eAH and AHe = eAH .
Therefore Ω ∼= AH ( f ) as desired. 
Now let us consider the right A # H-action on the module
Y := Hdm (A)∗ = Hdm (A)∗. (3.2.1)AH A#H
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right A # H-module structure on Y is induced by the local cohomology. Hence the restricted right A-
module structure agrees with the usual right A-module structure on A(−l). Let e be a basis element
in the lowest-degree nonzero homogeneous component of Y . Then Yl = ke. The right H-action on Y
induces a right H-action on ke. Thus there is an algebra homomorphism η : H → k such that
e · h = η(h)e (3.2.2)
for all h ∈ H .
Deﬁnition 3.3. Assume Hypothesis 3.1. Let S be the antipode of H and let η be deﬁned in (3.2.2).
(a) The composite map η ◦ S : H → k is called the homological determinant of H-action on A, and it is
denoted by hdet (or hdetA if we want to indicate the H-action on A).
(b) If hdet =  , then we say the homological determinant hdet is trivial.
As in the above deﬁnition, from now on, ◦ denotes the composition of two maps.
Remark 3.4.
(a) Since η is an algebra homomorphism from H to k and S is an anti-automorphism of H , the
homological determinant hdet is an algebra homomorphism from H to k.
(b) If H = kG for some ﬁnite subgroup G ⊂ Aut(A), then this deﬁnition of the homological determi-
nant is equivalent to the deﬁnition given in [JoZ, Section 2, Deﬁnition 2.3].
(c) The only reason for the composition with S in the deﬁnition of hdet is to be consistent with
the deﬁnition of hdet in the group case introduced in [JoZ, Deﬁnition 2.3], which agrees with the
original deﬁnition of the determinant of a matrix acting on S(V ) as used in [Be].
(d) Generally the homological determinant hdet is dependent on how the Hopf algebra H acts on A.
However, if H has no 1-dimensional simple module other than the trivial module k, then the
hdet must be trivial, independent of A. This happens when H/(ab − ba: a,b ∈ H) ∼= k.
Lemma 3.5. Assume Hypothesis 3.1. Let e and Y be deﬁned as above.
(a) The right H-action on Y is given by
(ea) · h =
∑(
hdet
(
S−1(h2)
)
e
)(
S−1(h1) · a
)
for all a ∈ A and all h ∈ H.
(b) Suppose that hdet is trivial. Then
(ea) · h = e(S−1(h) · a)
for all a ∈ A and all h ∈ H. In this case the invariant subspace Y H under the right H-action is equal to the
subspace AH (−l).
(c) Let
∫
be the integral of H. Then Y · ∫ is the invariant subspace Y H under the right H-action.
(d) If hdet is trivial, then Y · ∫ = AH (−l) as a right AH -module.
(e) If hdet is trivial, then hdet(
∫
) = 1; otherwise hdet(∫ ) = 0.
(f) hdet is trivial if and only if e ∈ Y H .
Proof. (a) Since Y has a natural A # H-action, the assertion follows from Lemma 2.3(b).
(b) This is a consequence of (a) and the fact hdet is trivial.
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∫
is a right integral of H , namely,
∫
h = (h) ∫ .
(d) This is a consequence of (b) and (c).
(e) Since
∫
is an idempotent, so is hdet(
∫
), and hence hdet(
∫
) is 1 or 0.
If hdet is trivial, then hdet(
∫
) = (∫ ) = 1. Conversely, if hdet(∫ ) = 1, then, for every h ∈ H ,
hdet(h) = hdet(h)hdet(∫ )= hdet(h ∫ )= hdet((h) ∫ )= (h).
Hence hdet is trivial.
(f) This follows from (e). 
Now we are ready to prove our main result.
Theorem 3.6. Assume Hypothesis 3.1. If the homological determinant of the H-action on A is trivial, then the
invariant subring AH is Artin–Schelter Gorenstein.
Proof. By Lemma 3.5(d), Ω := Y · ∫ is equal to AH (−l) as a right AH -module. By Lemma 3.2(c), AH is
Artin–Schelter Gorenstein. 
In the next few sections we will see applications of Theorem 3.6 when the homological determi-
nant is interpreted in slightly different ways.
The next corollary follows immediately by Theorem 3.6 and Remark 3.4(d).
Corollary 3.7. Assume Hypothesis 3.1. If H/(ab − ba: a,b ∈ H) ∼= k, then the invariant subring AH is Artin–
Schelter Gorenstein.
Finally we give a proof of a generalization of Stanley’s Theorem.
Proposition 3.8. Let A be a noetherian connected graded Artin–Schelter regular algebra that is PI (i.e. A sat-
isﬁes a polynomial identity). Then AH is Artin–Schelter Gorenstein if and only if its Hilbert series satisﬁes the
functional equation
HAH
(
t−1
)= ±t−mHAH (t)
for some integer m.
Proof. Since A is PI and regular, it is a domain by [SZ]. Hence AH is a domain, is noetherian
[Lemma 2.4(b)], and is AS Cohen–Macaulay [Lemma 3.2(b)]. Since every noetherian PI ring has enough
normal elements, the result follows from [JoZ, Theorem 6.2]. 
4. A partial converse of Theorem 0.1
One of the diﬃculties in formulating the converse of Theorem 0.1 is that we have not yet found
a reasonable analogue of a reﬂection group for Hopf algebra actions. Our results at the end of this
section are also dependent on a rationality condition of A [Deﬁnition 4.5], which is not easy to check
in general. We will continue to assume that A is noetherian and connected graded, and later that A is
Artin–Schelter Gorenstein. In order to use some results in [KKZ1,KKZ2], we assume that chark = 0 and
sometimes further assume that A is an Artin–Schelter regular domain.
In many cases the Hilbert series HA(t) of A is a rational function of t . Then we can write
HA(t) = cn(A)n +
cn−1(A)
n−1 + higher terms . . .(1− t) (1− t)
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rational numbers. For any subalgebra of B ⊂ A with rational Hilbert series, we will write
HB(t) = cn(B)
(1− t)n +
cn−1(B)
(1− t)n−1 + higher terms . . . .
Deﬁnition 4.1. Suppose A has GK-dimension n (or cn(A) = 0). Let H act on A and assume Hypothe-
sis 3.1(c). (We do not assume that A is Artin–Schelter regular or Gorenstein.)
(a) Suppose that A and AH have rational Hilbert series. We say that H is quantum-reﬂection-free if
cn−1(A)
cn(A)
= cn−1(A
H )
cn(AH )
.
(b) We say that A is quantum-reﬂection-free if H is quantum-reﬂection-free for every semisimple
Hopf algebra H action on A.
(c) [KKZ1, Deﬁnition 2.2] Let g be a graded algebra automorphism of A. We say that g is a quasi-
reﬂection if TrA(g, t) is a rational function of the form
TrA(g, t) =
∑
i
trace(g|Ai )ti =
f (t)
(1− t)n−1h(t)
where f (1)h(1) = 0. In this case we can expand TrA(g, t) as
TrA(g, t) = cn−1(g)
(1− t)n−1 + higher terms . . .
for some nonzero cn−1(g) ∈ k.
(d) Suppose H = kG for some ﬁnite group G and G acts on A faithfully. We say G is quasi-reﬂection-
free if G contains no quasi-reﬂection.
(e) We say A is quasi-reﬂection-free if there is no quasi-reﬂection of ﬁnite order.
Remark 4.2. When A = k[x1, . . . , xn] then a quasi-reﬂection is a (pseudo)-reﬂection in the usual sense
(a linear map whose eigenspace of λ = 1 has codimension 1). Unlike the commutative case, a non-
commutative AS-regular algebra A can possess a quasi-reﬂection g whose eigenspace of λ = 1 has
codimension 2, yet Ag is AS-regular [KKZ1]. In another context Lorenz has deﬁned a reﬂection (and
more generally a t-reﬂection) in terms of the height of an ideal in a commutative ring; see [Lo, Sec-
tions 4.5 and 10.2]. Further work may provide deeper insight into the proper deﬁnition of a reﬂection
in the context of Hopf-actions.
The following lemma follows using the same argument as [KKZ1, Proposition 1.8].
Lemma 4.3. Let A be a connected graded domain with GKdim A = n. Suppose that g ∈ Aut(A) has ﬁnite order.
If TrA(g, t) is a rational function and is written as
f (t)
(1−t)mh(t) for f (1)h(1) = 0 andm n, then g is the identity.
The next lemma shows that the notion of a quantum-reﬂection-free Hopf algebra extends the
notion of an action of group without quasi-refections.
Lemma 4.4. Suppose that A is a connected graded algebra and H satisﬁes Hypothesis 3.1(c). Suppose that
AH = A and that both HA(t) and HAH (t) are rational.
(a) If A is a ﬁnitely generated left (or a right) free module over AH , then H is not quantum-reﬂection-free.
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reﬂection, then kG is quantum-reﬂection-free.
(c) Suppose that A is a quantum polynomial ring [KKZ2, Deﬁnition 1.1(2)]. Then G contains no quasi-
reﬂection if and only if kG is quantum-reﬂection-free.
Proof. (a) Since A is free over B := AH then HA(t) = f (t)HB(t), where f (t) is a polynomial in t with
nonnegative integer coeﬃcients. Write f (t) = a0 + a1(1 − t) + a2(1 − t)2 + · · · with a0 = f (1) and
a1 = f ′(1). Since f (0) = 1 and f (t) = 1, then a0a1 = 0. The equation HA(t) = f (t)HB(t) implies that
cn(A) = a0cn(B) and cn−1(A) = a0cn−1(B)+ a1cn(B). Hence
cn−1(A)
cn(A)
= cn−1(B)
cn(B)
+ a1
a0
= cn−1(B)
cn(B)
,
and therefore H is not quantum-reﬂection-free.
(b) Suppose that G contains no quasi-reﬂection. Since A is a domain, by Lemma 4.3 we have
TrA(g, t) = f (t)(1−t)n−2h(t) . Hence
TrA(g, t) = cn−2(g)
(1− t)n−2 + higher terms . . .
for all nonidentity g . Thus by [JiZ1, Lemma 5.2]
HAG (t) =
1
|G|
(
HA(t)+
∑
g =1
TrA(g, T )
)
= 1|G|
(
cn(A)
(1− t)n +
cn−1(A)
(1− t)n−1 + higher terms . . .
)
,
which implies that cn−1(A)/cn(A) = cn−1(AG)/cn(AG). By deﬁnition, kG is quantum-reﬂection-free.
(c) Since A is a quantum polynomial ring, the hypotheses in part (b) hold. Now assume that
G contains a quasi-reﬂection. Let S = {g1, . . . , gr} be the list all quasi-reﬂections in G for r > 0. For
each gi write
TrA(gi, t) = 1
(1− t)n−1(1− λit) =
(1− λi)−1
(1− t)n−1 + higher terms . . .
where 1 = λi ∈ k× is a root of 1. Then
HAG (t) =
1
|G|
(
HA(t)+
r∑
i=1
TrA(gi, t)+
∑
h: not reﬂection
TrA(h, t)
)
= 1|G|
(
1
(1− t)n +
∑r
i=1(1− λi)−1
(1− t)n−1 + higher terms . . .
)
.
Since each (1− λi)−1 has positive real part, ∑ri=1(1− λi)−1 has positive real part, and cn−1(AG) = 0.
But since A is a quantum polynomial ring cn−1(A) = 0, and hence kG is not quantum-reﬂection-free.
The other implication is part (b). 
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(a) [JoZ, Deﬁnition 1.4] Let A be a connected graded noetherian algebra and let M be a ﬁnitely gen-
erated left A-module. We say that M is rational over Q if both HA(t), as an element in Q((t)),
and
∑
i0(−1)i HHim(M)(t), as an element in Q((t−1)), are rational functions of t and satisfy
HA(t) =∑i0(−1)i HHim(M)(t) as rational functions of t .
(b) (A special case of [JoZ, Deﬁnition 1.4].) Suppose that A has a balanced dualizing complex R . Let
Ω be the dualizing module over A (meaning that R = Ω[n]). We say that A is rational over Q if
both HA(t) and HΩ(t) are rational functions of t over Q and satisfy HΩ(t) = (−1)dHA(t−1) for
d = injdim A.
Remark 4.6. Part (b) of the above deﬁnition is the condition 3◦ in [JoZ, Theorem 6.1]. Part (b) agrees
with part (a) for M = A since Hdm(A) = Ω∗ and Him(A) = 0 for all i = d.
Lemma 4.7. Suppose A has a balanced dualizing complex. Let B be a factor ring of A.
(a) If all ﬁnitely generated left A-modules are rational overQ, then so are all ﬁnitely generated left B-modules.
(b) If one of the following conditions on A holds, then all ﬁnitely generated left A-modules are rational overQ:
(i) A satisﬁes SSC [JoZ, Deﬁnition 5.2] (e.g., A is PI);
(ii) A is a factor ring of an Artin–Schelter regular algebra;
(iii) A = BG where G is ﬁnite, and B is an Artin–Schelter regular algebra.
Proof. (a) This is true since every B-module is also an A-module, and local cohomology does not
change when the base ring is changed from A to B .
(b)(i) and (ii) are [JoZ, Proposition 5.5], and (iii) follows from the end of the proof of [JoZ, Theo-
rem 6.4]. 
Here is a conjecture based in Lemma 4.7(b)(iii).
Conjecture 4.8. Assume Hypothesis 3.1. If A is Artin–Schelter regular, then every ﬁnitely generated left AH -
module is rational over Q.
Lemma 4.9. Let A be noetherian and Artin–Schelter Gorenstein. Suppose that A is rational over Q. Let Y be
the dualizing module over A. Then
(a) HA
(
t−1
)= (−1)tmHA(t) (E4.9.1)
where m is the lowest degree of a nonzero element in Y and  = injdim A.
(b) (The Gorenstein condition on A is not necessary.) Let n = GKdim A and write the rational function HA(t)
in two ways
HA(t) = f (t)
(1− t)n
where f (t) is a rational function of t such that f (1) = 0, and
HA(t) = cn(A)
(1− t)n +
cn−1(A)
(1− t)n−1 + higher terms . . . ;
then cn(A) = f (1) and cn−1(A) = − f ′(1).
(c) Furthermore, (−1) = (−1)n and m = n− 2 f ′(1)f (1) = n+ 2 cn−1(A)cn(A) . As a consequence, the lowest degree of
a nonzero element in Y is determined by the GKdim A and the ratio cn−1(A)cn(A) .
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where m is the lowest degree of a nonzero element in Y . Using the rationality of A, we have
HA
(
t−1
)= (−1)dHY (t) = (−1)dtmHA(t).
(b) The statement follows from the Taylor expansion
f (t) = f (1)+ f ′(1)(t − 1)+ · · · = f (1)− f ′(1)(1− t)+ · · · .
(c) The left-hand side of (E4.9.1) is
HA
(
t−1
)= f (t−1)
(1− t−1)n =
(−1)ntn f (t−1)
(1− t)n
= (−1)
n f (1)
(1− t)n +
(−1)n+1nf (1) + (−1)n f ′(1)
(1− t)n−1 + · · · ,
and the right-hand side of (E4.9.1) is
(−1)tmHA(t) = (−1)
 f (1)
(1− t)n +
(−1)+1mf (1)+ (−1)+1 f ′(1)
(1− t)n−1 + · · · .
Note that f (1) = 0. The assertion follows by comparing the coeﬃcients. 
Theorem 4.10. Let H be a ﬁnite dimensional semisimple Hopf algebra acting on A and satisfying Hypothe-
sis 3.1. Suppose that
(a) both A and AH are rational over Q, and
(b) H is quantum-reﬂection-free.
Then the invariant subring AH is Artin–Schelter Gorenstein if and only if the homological determinant of the
H-action on A is trivial.
Proof. One implication is Theorem 3.6. For the other implication, we assume that AH is Artin–Schelter
Gorenstein. Since A is ﬁnitely generated over AH , GKdim A = GKdim AH := n. Since H is quantum-
reﬂection-free, cn−1(A
H )
cn(AH )
= cn−1(A)cn(A) . By Lemma 4.9(c), the lowest degrees of the nonzero elements in Y A
and Y AH are the same. By (E3.1.1), Y AH ⊂ Y A , and hence e ∈ Y is an invariant of H . By Lemma 3.5(f),
hdet is trivial. 
One can derive various corollaries by combining Lemma 4.7 with Theorem 4.10; one of them is
given below. We return to the group action case since we know that Conjecture 4.8 holds in this case.
This corollary extends results of Watanabe [W2].
Corollary 4.11. Let A be a noetherian Artin–Schelter regular domain, and let G be a ﬁnite subgroup of Aut(A).
Suppose that G contains no quasi-reﬂection. Then AG is Artin–Schelter Gorenstein if and only if hdet is trivial.
Proof. The proof follows from Lemmas 4.4(b) and 4.7(b)(iii) and Theorem 4.10. 
Corollary 4.11 can be applied to the various regular algebras that have been shown to be quasi-
reﬂection-free (see the algebras studied in [KKZ1]).
When G contains quasi-reﬂections we have the following result.
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of Aut(A). Let K ⊂ G be the subgroup of G generated by all the quasi-reﬂections in G, and suppose that
B := AK is Artin–Schelter regular. Then AG is Artin–Schelter Gorenstein if and only if the hdet of G/K-acting
on B is trivial.
Proof. Since a quasi-reﬂection is deﬁned by its trace function, h ∈ G is a quasi-reﬂection if and only
if ghg−1 is a quasi-reﬂection for any g ∈ G . Hence the subgroup K is normal in G , and G/K is a
group. Since K acts on AK trivially, the action of G on AK induces an action of G/K on AK . Clearly
(AK )G/K = AG .
One implication follows by applying Theorem 3.6 to the G/K -action on B = AK .
For the other implication, we assume that AG is Artin–Schelter Gorenstein and show that the hdet
of the G/K -action is trivial. By Corollary 4.11 it suﬃces to show that G/K contains no quasi-reﬂection.
Let g be an element of G with g /∈ K . By the deﬁnition of K , for all h ∈ K no element gh can be a
quasi-reﬂection or the identity. By [JiZ1, Lemma 5.2],
TrAK (gK , t) =
1
|K |
∑
h∈K
TrA(gh, t). (E4.12.1)
Hence if n is the multiplicity of 1 as a root of the Euler polynomial of A (that is HA(t)−1) then
(1− t)n−2TrA(hg, t) is analytic at t = 1 for all h ∈ K . Hence Eq. (E4.12.1) implies that
TrAK (gK , t) =
cn−2
(1− t)n−2 + higher terms . . . .
Therefore gK ∈ G/K is not a quasi-reﬂection of AK . 
We can say more when A is a skew polynomial ring, since then we know exactly when AG is
regular. Let {pij | 1  i < j  n} be a set of nonzero scalars. Then the skew polynomial ring
kpij [x1, . . . , xn] is the k-algebra generated by x1, . . . , xn subject to the relations x jxi = pijxix j for all
i < j. The following corollary is known in the commutative case [NW, p. 103].
Theorem 4.13. Let A = kpij [x1, . . . , xn]. Let G ⊂ Aut(A) be a ﬁnite group and let K be the subgroup of G
generated by all quasi-reﬂections in G. Then AG is Artin–Schelter Gorenstein if and only if the hdet of G/K
acting on AK is trivial.
Proof. By [KKZ2, Theorem 0.1], AK is Artin–Schelter regular. The assertion follows from Proposi-
tion 4.12. 
5. Hopf algebra actions on Ext-algebras
In this section we will compute the H-action on the Ext-algebra of A, give a slightly different
interpretation of the homological determinant, and then use it to prove Corollary 0.3.
The homological determinant of the H-action on A is deﬁned using the H-action on the lowest
degree nonzero component ke of Ω := HdmA#H (A)∗ . By (1.2.1), the local cohomology HimA#H (M) equals
limn→∞ ExtiA#H ((A/An) # H,M). We will use the Ext-group ExtdA(k, A) to explain the homological
determinant.
The following lemma holds because A # H is free over A on both sides.
Lemma 5.1. Let A be a left H-module algebra.
(a) Every left (or right) projective A # H-module is projective over A.
(b) Every left (or right) injective A # H-module is injective over A.
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natural isomorphism of functors
ExtiA#H (k # H,−) ∼= ExtiA(k,−)
from (A # H)-GrMod to A-GrMod. Similarly, for any n, there is a natural isomorphism of functors
ExtiA#H
(
(A # H)/(A # H)n,−
)∼= ExtiA(A/An,−)
from (A # H)-GrMod to A-GrMod.
Proof. Let N be a graded left A # H-module. The left H-module structure on ExtiA#H (k # H,N) is
induced from the right H-module structure on k # H .
If N is a graded left A#H-module, then HomA(k,N) is the set of elements in N killed by A1, and
so is a left H-module. Hence the Hom-⊗ adjoint isomorphism implies that HomA(k,N) is naturally
isomorphic to HomA#H (k # H,N). The assertion follows by applying this natural isomorphism to an
injective A # H-resolution of N .
The second assertion is proved in the same way. 
In the rest of the section we assume Hypothesis 3.1, and let Ω = HdmA#H (A)∗ where d = injdim A.
Proposition 5.3.
(a) As a graded left H-module,
ExtiA#H (k # H, A) =
{
0, i = d,
ExtdA(k, A) = M(l), i = d,
where M is a 1-dimensional H-module concentrated in degree zero.
(b) The lowest degree nonzero homogeneous component ofΩ is isomorphic to ExtdA#H (k# H, A)
∗ as a graded
k-space.
(c) As a right H-module, the lowest degree nonzero homogeneous component of Ω is isomorphic to
ExtdA(k, A)
∗ , where the right H-action on ExtdA(k, A)∗ is induced from the left H-action on the module A.
(d) Let e be a nonzero element in ExtdA(k, A). Then there is an algebra homomorphism η
′ : H → k satisfying
h · e= η′(h)e
for all h ∈ H. Further, the homological determinant hdet is equal to η′ ◦ S where S is the antipode of H.
Proof. (a) This follows from Lemma 5.2 and the deﬁnition of an Artin–Schelter Gorenstein algebra.
(b) It follows from induction, part (a) and the long exact sequence obtained by applying
ExtdA#H (−, A) to the following short exact sequence
0 → (A # H)n/(A # H)n+1 → (A # H)/(A # H)n+1 → (A # H)/(A # H)n → 0
that ExtdA#H ((A # H)/(A # H)n, A) ∼= (A/An)∗(l), as graded vector spaces, for all n. Since
Ω = lim ExtdA#H
(
(A # H)/(A # H)n, A
)∗ ∼= A(−l),
n→∞
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∗ , which is 1-dimensional in degree l, is the lowest degree nonzero
homogeneous component of Ω .
(c) This follows from Lemma 5.2 and part (b).
(d) Using the notation induced in part (a), we have
ExtdA#H (k # H, A)
∗ ∼= ExtdA(k, A)∗
as right H-modules, and by (b) it is the lowest degree nonzero component of Ω .
Since ExtdA(k, A) is 1-dimensional, the left H-action on Ext
d
A(k, A) deﬁnes an algebra map
η′ : H → k such that h · e = η′(h)e for all h ∈ H . Note that e in Ω is e∗ using the isomorphism in
part (b). Hence we have
e · h = η′(h)e.
The assertion follows from Deﬁnition 3.3. 
We have some useful corollaries. Recall that A is Frobenius if and only if it is noetherian and
Artin–Schelter Gorenstein of injective dimension zero.
Corollary 5.4. Suppose that A is Artin–Schelter Gorenstein and ﬁnite dimensional, and let An be the highest-
degree nonzero homogeneous component of A.
(a) An is 1-dimensional and has an H-action. Write An = ke.
(b) Suppose h · e= η(h)e. Then hdet = η ◦ S.
(c) If the H-action on An is trivial, then AH is Frobenius.
Proof. Since A is PI, injdim A = GKdim A = 0 by [SZ, Theorem 1.1]. Hence A is Frobenius.
(a) Since A is Frobenius, A∗ ∼= A(−l) as a graded left A-module. Then l = n and An is 1-
dimensional.
(b) Since d = 0, ExtdA(k, A) = HomA(k, A) = An(−n). The assertion follows from part (a) and Propo-
sition 5.3(d).
(c) In this case η =  . Hence hdet = η ◦ S =  . The assertion follows from Theorem 3.6 and [SZ,
Theorem 1.1]. 
Suppose that M and N are two left H-modules. We deﬁne a left H-action on M ⊗ N by
h · (m ⊗ n) =
∑
h1 ·m⊗ h2 · n (5.4.1)
for all h ∈ H , m ∈ M , n ∈ N [Mo, Deﬁnition 1.8.1].
Lemma 5.5. Let A and B be two left H-module algebras. Deﬁne the left H-action on the tensor algebra A ⊗ B
via (5.4.1). Then A ⊗ B is a left H-module algebra if and only if
(∑
h1 ⊗ h2 −
∑
h2 ⊗ h1
)
(a⊗ b) = 0 (5.5.1)
for all h ∈ H and all a ∈ A,b ∈ B.
Proof. Suppose that A ⊗ B is a left H-module algebra. Then, for all h ∈ H and all a ∈ A,b ∈ B , we
have
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=
∑
(h1 · a⊗ h2 · 1)(h3 · 1⊗ h4b)
=
∑
(h1 · a⊗ 1)(1⊗ h2 · b) =
∑
h1 · a⊗ h2 · b
and
h · (a ⊗ b) = h · [(1⊗ b)(a⊗ 1)]=∑h1(1⊗ b)h2(a⊗ 1)
=
∑
(h1 · 1⊗ h2 · b)(h3 · a⊗ h41)
=
∑
(1⊗ h1 · b)(h2 · a⊗ 1) =
∑
h2 · a⊗ h1 · b.
Hence (5.5.1) follows. The converse is proved similarly. 
Note that if H is cocommutative then (5.5.1) holds.
Corollary 5.6. Let A and B be two left H-module algebras satisfying (5.5.1). Suppose that the pairs (B, H) and
(A ⊗ B, H) also satisfy Hypothesis 3.1.
(a) hdetA⊗B = hdetB ∗hdetA in the convolution algebra Homk(H,k); namely,
hdetA⊗B(h) =
∑
hdetB(h1)hdetA(h2)
for all h ∈ H.
(b) If hdetA = hdetB ◦S, then hdetA⊗B is trivial. In this case (A ⊗ B)H is Artin–Schelter Gorenstein.
Proof. (a) Let d = injdim A and d′ = injdim B . By the Künneth formula, the injective dimension
of A ⊗ B is d + d′ , and
Extd+d
′
A⊗B(k, A ⊗ B) = ExtdA(k, A) ⊗ Extd
′
B (k, B).
Let ηA be the action of H on the 1-dimensional vector space ExtdA(k, A) deﬁned in Proposition 5.3(d)
(after deleting ′ from η′). Then ηA⊗B = ηA ∗ ηB . The equation hdetA⊗B = hdetB ∗hdetA follows from
the deﬁnition hdetA = ηA ◦ S and the fact S is an anti-automorphism of the Hopf algebra H .
(b) Follows from (a) and Theorem 3.6. 
Remark 5.7. It is unknown if hdetA⊗B = hdetA ∗hdetB holds in general.
Next we study the H-action on the Ext-algebra of A.
For any two left A # H-modules M and N , we deﬁne a (natural) left H-action on HomA(M,N)
induced by the left H-actions on M and N by
(h · f )(m) =
∑
h2 ·
(
f
(
S−1(h1) ·m
))
(5.7.1)
for all h ∈ H , f ∈ HomA(M,N), m ∈ M . It is easy to check that h · f is in HomA(M,N):
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∑
h2 ·
(
f
(
S−1(h1)(am)
))
=
∑
h3 ·
(
f
([
S−1(h2) · a
][
S−1(h1)m
]))
=
∑
h3 ·
([
S−1(h2) · a
]
f
([
S−1(h1)m
]))
=
∑(
h3 ·
[
S−1(h2) · a
])(
h4 · f
([
S−1(h1)m
]))
=
∑
a
(
h2 · f
([
S−1(h1)m
]))= a(h · f )(m).
Slightly different versions of (5.7.1) were used in [LL, 2.1, p. 34] and [Pa, p. 166].
Lemma 5.8. Eq. (5.7.1) deﬁnes a left H-module structure on HomA(M,N).
Proof. For all h, g ∈ H and all m ∈ M ,
(
(hg) · f )(m) =∑h2g2 · ( f (S−1(h1g1) ·m))
=
∑
h2g2 ·
(
f
(
S−1(g1)S−1(h1) ·m
))
=
∑
h2
(
(g · f )(S−1(h1) ·m))= (h · (g · f ))(m). 
Let
I : 0 → I0 → I1 → I2 → ·· ·
be a graded A # H-injective resolution of the left trivial A # H-module k. Note that I can be obtained
by taking the graded k-linear dual of any graded free resolution of the right trivial A # H-module k.
It is also a graded A-injective resolution of the trivial A-module k by Lemma 5.1. Therefore
ExtnA(k,k) = Hn
(
HomA(k, I)
)= Hn(HomA(I, I)) (5.8.1)
for all n, where Hn is the nth cohomology group of a complex. Since each term in I is Z-graded,
ExtnA(k,k) is Z-graded. Therefore the Yoneda Ext-algebra
Ext∗A(k,k) :=
⊕
n0
ExtnA(k,k)
is a Z2-graded algebra.
Now we use this resolution I to deﬁne a left H-action on the Yoneda Ext-algebra E := Ext∗A(k,k).
Note that the algebra HomA(I, I) is a differential graded algebra with Z2-grading. The ﬁrst Z-grading,
indicated by the superscript, comes from the complex degree of I , which is given by the n in (5.8.1).
The other Z-grading, namely, the internal grading, is induced by the Z-grading of A, or of A # H ,
which is indicated by the subscript. By deﬁnition, the nth term of HomA(I, I) is
HomA(I, I)
n =
∏
i
HomA
(
I i, I i+n
)
and an element in HomA(I, I)n is written as ( f i) where f i : I i → I i+n for all i. The nth differential
of HomA(I, I) is dn : HomA(I, I)n → HomA(I, I)n+1 that is determined by
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where dI is the differential of I . The differential dn preserves the internal grading. Since each I i is
a left A # H-module, we have a left H-action on HomA(I i, I i+n) given by (5.7.1). Therefore we can
deﬁne a left H-action on HomA(I, I)n as follows
h · ( f i) = (h · f i) (5.8.2)
for all ( f i) ∈ HomA(I, I). The following lemma is easy to check.
Lemma 5.9. Assume the above notations.
(a) Eq. (5.8.2) deﬁnes a left H-module structure onHomA(I, I) such that the opposite algebraHomA(I, I)op is
a left H-module algebra, or equivalently, HomA(I, I) is a left (H,
op)-module algebra.
(b) The left H-action on HomA(I, I) (= HomA(I, I)op) preserves the Z2-grading.
(c) The differential dn is a left H-morphism.
(d) The left H-module structure on HomA(I, I)op in part (a) induces a left H-module structure on Eop such
that Eop becomes a left H-module algebra.
(e) Each homogeneous component of E is a left H-module.
Proof. (a) Since (5.7.1) deﬁnes a left H-module structure [Lemma 5.8], (5.8.2) also deﬁnes a left H-
module structure. It remains to show that HomA(I, I) is a left (H,
op)-module algebra. Since each
element in HomA(I, I)n is of the form ( f i) where f i : I i → I i+n , we only need to verify the following
claim:
Claim. For any two graded A-morphisms f : I i → I i+n and g : I i+n → I i+n+m, h ·(g ◦ f ) =∑(h2 · g)◦(h1 · f )
for all h ∈ H.
By deﬁnition, for all m ∈ I i ,
∑
(h2 · g) ◦ (h1 · f )(m) =
∑
(h3 · g)
[
h2 ·
(
f
(
S−1(h1) ·m
))]
=
∑
h4 ·
(
g
(
S−1(h3) ·
[
h2 ·
(
f
(
S−1(h1) ·m
))]))
=
∑
h2 ·
(
g
(
f
(
S−1(h1) ·m
)))= (h · (g ◦ f ))(m).
The assertion follows.
(b) Clear.
(c) This follows from the fact that dI is an H-morphism.
(d) Since each differential dn is an H-morphism, both the kernel and the image of dn are left H-
modules. Hence the cohomology Hn(HomA(I, I)) has a natural left H-module structure. It is straight-
forward to show that (Ext∗A(k,k))op inherits a left H-module algebra structure from (HomA(I, I))op .
(e) Clear. 
In the rest of this section we further assume that A is Artin–Schelter regular, in addition to Hy-
pothesis 3.1. Note that Eop is isomorphic to Ext∗Aop (k,k) [Sm, Lemma 2.1].
Lemma 5.10. Let A be Artin–Schelter regular of global dimension d.
(a) E is Frobenius. The highest-degree nonzero homogeneous component of E is Ed = ExtdA(k,k), which is
1-dimensional.
(b) ExtdA(k,k)
∼= ExtdA(k, A) as a left H-module.
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sition 5.3(d). As a consequence, the homological determinant of the H-action on A is equal to η ◦ S where
η : H → k is determined by
h · a = η(h)a
for all h ∈ H and all 0 = a ∈ ExtdA(k,k).
(d) Consider the left H-module algebra Eop deﬁned in Lemma 5.9(d). The homological determinant hdetEop is
equal to hdetA as a map H → k.
Proof. (a) [Sm, Corollary 4.4].
(b) Let M be a graded left A # H-module. The left H-action on the trivial module k is triv-
ial. So we can compute the left H-action on ExtiA(k,M) using the A # H-injective resolution of M .
Next we consider the map φ : A → k. It is clear that φ preserves the H-action. Hence the map
ExtdA(k, φ) : ExtdA(k, A) → ExtdA(k,k) is a left H-module homomorphism. It remains to show that this
is an isomorphism of vector spaces.
To see that φ is an isomorphism, we note that φ is a surjection since gldim A = d. Since both
ExtdA(k, A) and Ext
d
A(k,k) are 1-dimensional, φ is an isomorphism.
(c) The ﬁrst assertion is part (b), and the second assertion follows from the ﬁrst one.
(d) This follows from part (c), Proposition 5.3(d) and Corollary 5.4(b). 
Remark 5.11.
(a) When H is the group algebra kG for some G ⊂ Aut(A), the action of G (or rather the action
of Gop) on Eop was deﬁned in [JiZ1, Lemma 4.2]. For consistency with the deﬁnition given
in [JiZ1], we might deﬁne a new H-action  on Ext∗A(k,k) by modifying (5.7.1) to
( f  h)(m) =
∑
S(h1) · f (h2 ·m).
In other words, f h = S(h) · f . It follows from Lemma 5.9(d) that Eop is a right H-module algebra
via the action .
(b) Keeping part (a) in mind, Lemma 5.10(b) is a generalization of [JoZ, Lemma 4.6].
(c) Unless H is cocommutative (or satisﬁes (5.5.1)), the left H-action on the tensor product A ⊗ Eop
does not make A ⊗ Eop a left H-module algebra.
(d) Note that if A = S(V ), a commutative polynomial ring, then Eop ∼= E ∼= Λ(V ), where Λ(V ) is
the exterior algebra. The action of GL(V ) on S(V ) ⊗ Λ(V ) deﬁned in [Be, pp. 61–62] is not
the same as the induced action via the action described in Lemma 5.10(d) and the action on
tensor product (5.4.1). See also the comments in [JoZ, pp. 334–335]. The action of GL(V ) on Λ(V )
deﬁned in [Be, pp. 61–62] can be realized as a composition of the induced action and the map
π = ((−)−1)T : GL(V ) → GL(V ), that is the composition of the transpose and the inverse.
The following theorem is a generalization of [Be, Theorem 5.3.2] and [JoZ, Theorem 4.7].
Theorem 5.12. Suppose that A is Artin–Schelter regular. Further assume that H is a cocommutative Hopf
algebra, and that there is a Hopf algebra automorphism π , which deﬁnes a second H-action on A, denoted
by H
π−→ A, via the composition with π , such that hdet
H
π−→A = hdetA ◦S. Deﬁne an H-action on A⊗ Eop by
h · (a ⊗ b) =
∑(
π(h1) · a
)⊗ (h2 · b)
for all h ∈ H, a ∈ A and b ∈ Eop . Then the invariant ring (A ⊗ Eop)H is Artin–Schelter Gorenstein.
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The advantage of the result above is that, as in the original version [Be, Theorem 5.3.2], we are
not requiring the homological determinants to be trivial. The next result is another consequence of
Lemma 5.10.
Corollary 5.13. Assume that A is Artin–Schelter regular, and that H is a cocommutative Hopf algebra. If
hdetA ∗hdetA =  , then the invariant ring (A ⊗ Eop)H is Artin–Schelter Gorenstein.
Proof. By Lemma 5.10(d) hdetEop = hdetA . By Corollary 5.6(a), hdetA⊗Eop = hdetA ∗hdetEop =
hdetA ∗hdetA =  . The assertion follows from Theorem 3.6. 
Corollary 0.3 is a special case of Corollary 5.13. The next result is another special case of Corol-
lary 5.13.
Corollary 5.14. Assume that A is Artin–Schelter regular, and that H is a group algebra QG (and k = Q). Then
the invariant ring (A ⊗ Eop)H is Artin–Schelter Gorenstein.
Proof. Since k = Q, hdet g = ±1 for all g ∈ G . This implies that hdet∗hdet =  , and the assertion
follows from Corollary 5.13. 
6. Homological co-determinant
Let H be a ﬁnite dimensional Hopf algebra. We use H◦ to denote its dual Hopf algebra. In this
short section we introduce a comodule algebra version of homological determinant and then re-state
Theorem 3.6. Since a left H-module algebra is equivalent to a right H◦-comodule algebra, we can
translate everything in Sections 3 and 5 to this section. For this reason many details are omitted here.
If A is a left H◦-module algebra, then the right H-comodule algebra structure on A is deﬁned by
ρ : a →
∑
i
hi · a⊗ h∗i
for all a ∈ A and h ∈ H , where {h1, . . . ,hn} is a k-linear basis of H and {h∗1, . . . ,h∗n} is its dual basis.
The following lemma follows easily from the deﬁnitions.
Lemma 6.1. Let H be a ﬁnite dimensional Hopf algebra. Let M be a k-vector space and let A be an algebra.
(a) [Mo, Lemma 1.6.4] M is a left H-module if and only if M is a right H◦-comodule.
(b) [Mo, p. 41] A is a left H-module algebra if and only if A is a right H◦-comodule algebra.
(c) The invariant subring AH is equal to the co-invariant subring Aco H
◦
.
Let K be any Hopf algebra, which may not necessarily be ﬁnite dimensional. Suppose A is Artin–
Schelter Gorenstein of injective dimension d with a K -comodule algebra structure. Then
HimA (A)
∗ = 0
for all i = d, and
Ω = Hdm (A)∗ = A(l)A
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1-dimensional space ke, we have a group-like element g ∈ K satisfying
ρ(e) = e ⊗ g. (6.1.1)
Deﬁnition 6.2. The element g−1, where g ∈ K is deﬁned as in (6.1.1), is called the homological co-
determinant of the K -coaction on A, and it is denoted by hcodet. If hcodet = 1K , then we say that the
homological co-determinant hcodet is trivial.
Remark 6.3. If K = H◦ , then the element hcodet ∈ H◦ is the map hdet : H → k. In this sense the
homological co-determinant is or is equivalent to the homological determinant. In particular, the ho-
mological determinant of H is trivial if and only if the homological co-determinant of H◦ is trivial.
The following result follows from Theorem 3.6.
Theorem 6.4. Let K be a ﬁnite dimensional Hopf algebra and suppose that K ◦ is semisimple. Let A be a
connected graded Artin–Schelter Gorenstein algebra such that (a) A is a right K -comodule algebra and (b) each
A j is a right K -comodule. Suppose that the homological co-determinant hcodet is trivial. Then the co-invariant
subring Aco K is Artin–Schelter Gorenstein.
7. Examples
In this section we present four examples of Hopf algebra actions on regular algebras. These ex-
amples illustrate some of the ideas discussed in the previous sections. They show that Hopf actions
can produce subrings of invariants that do not occur as invariant subrings under a group action. They
provide some data on properties of the Hopf action that make it a “quantum reﬂection group”, i.e.
an action whose algebra of invariants is a regular ring. In the ﬁrst example, H is the dual of a group
algebra (but not a group algebra) and in the last three examples H is neither a group algebra nor the
dual of a group algebra. For simplicity we assume that chark = 0. In this case H is semisimple if and
only if H◦ is.
When K = kG for some ﬁnite group G then an algebra A is a right K -comodule algebra if and only
if A is Z× G-graded (this says that A has an extra G-grading compatible with its original Z-grading).
Hence we can use the language of G-gradings instead of the language of kG-comodule algebras (or
(kG)◦-module algebras).
Example 7.1. Let R be the Artin–Schelter regular algebra generated by x and y subject to two relations:
xy2 − y2x = 0 and x2 y − yx2 = 0.
The ring R is Artin–Schelter regular of global dimension 3 because letting z = xy − yx it can be seen
that R is isomorphic to the iterated Ore extension (k−1[x, z])[y;σ , δ] where k−1[x, z] is the skew
polynomial ring with the relation zx = −xz, σ : x → x, z → −z, and δ : x → −z, z → 0. This is a
semigroup algebra kS where S is the semigroup generated by a,b subject to the relations
a2b = ba2, ab2 = b2a.
Now let W be the group generated by a, b, and c subject to the following relations
a2 = b2 = c2 = 1, ab = cba, ca = ac, cb = bc.
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order 8 generated by ab and a, and
W = {u = 1,a,b,ab,ba,aba,bab,abab}.
Since W is a quotient group of S , R is a Z×W -graded algebra. Let H = (kW )◦ and K = kW . Then R is
a left H-module algebra or, equivalently, a right K -comodule algebra, and H and K are semisimple
Hopf algebras.
Next we consider the homological (co)-determinant and the invariant subring. Since R is Z × W -
graded with deg x = (1,a) and deg y = (1,b), we have a Z × W -graded resolution of the trivial R-
module k:
0 → R(−4,u) → R(−3,a)⊕ R(−3,b) → R(−1,a)⊕ R(−1,b) → R → k → 0.
Using this sequence to compute the Ext-group, we see that Ext3R(k, R)
∼= k(4,u) as a Z × W -graded
vector space. This says that the K -comodule action maps a basis element e ∈ Ext3A(k, A) to e ⊗ u =
e⊗ 1K . By deﬁnition, the homological co-determinant of K is trivial. By Theorem 6.4, the co-invariant
subring Rco K (also the invariant subring RH ) is Artin–Schelter Gorenstein.
Lemma 7.2. There is no ﬁnite subgroup G ⊂ Aut(R) such that RG = RH .
Proof. The group of graded algebra automorphisms of R is GL(2) since there is a graded automor-
phism σ extending any k-linear automorphism M = (mij)2×2 of the vector space kx+ ky:
σ : x →m11x+m21 y, y →m12x+m22 y.
By [KK, Theorem 1.5], the homological determinant hdet of elements of Aut(R) is given by
hdet : M ∈ GL(2) → (detM)2.
By [KKZ1, Proposition 6.4], R has no quasi-reﬂection. If G is a ﬁnite subgroup of Aut(R), then RG is
Artin–Schelter Gorenstein if and only if the hdet is trivial [Corollary 4.11].
Suppose on the contrary that RG = RH for some ﬁnite subgroup G . Since RH (and hence RG ) is
Gorenstein, the hdet of the G action on R is trivial. Let M = (mij)2×2 ∈ GL(2) be an element in G .
Since x2 and y2 are in RH = Rco K ,
(m11x+m21 y)2 = x2 and (m12x+m22 y)2 = y2.
This implies that m11 = ±1, m12 =m21 = 0, m22 = ±1. In this case both xyxy, yxyx ∈ RG , but neither
element is in Rco K , a contradiction. 
It is unknown if there is any ﬁnite group G ⊂ Aut(R) such that RG is isomorphic to RH .
In the next three examples let H be the 8-dimensional semisimple Hopf algebra given by Ma-
suoka [Ma]; it is neither commutative nor cocommutative (neither a group algebra nor the dual of a
group algebra). As an algebra H is generated by x, y, z with the following relations:
x2 = y2 = 1, xy = yx, zx = yz, zy = xz, z2 = 1 (1+ x+ y − xy).
2
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(x) = x⊗ x, 
(y) = y ⊗ y, 
(z) = 1
2
(1⊗ 1+ 1⊗ x+ y ⊗ 1− y ⊗ x)(z ⊗ z).
Finally
(x) = (y) = (z) = 1 and S(x) = x−1, S(y) = y−1, S(z) = z.
For an element h ∈ H , where H acts on a graded algebra A, one can deﬁne the trace of h as a
formal power series in the usual way:
Tr(h, t) =
∑
trace(h|An)tn,
where h|An is the linear transformation h induced on An , the homogeneous component of A of de-
gree n. We call h a quasi-reﬂection if it is a rational function of the form
Tr(h, t) = f (t)
(1− t)n−1g(t)
where n = GKdim A and f (1)g(1) = 0.
In the ﬁnite dimensional semisimple case one can easily show a version of Molien’s Theorem [JiZ1,
Lemma 5.2]:
Lemma 7.3. When H is a ﬁnite dimensional semisimple Hopf algebra acting on A then HAH (t) = Tr(
∫
, t),
where
∫
has (
∫
) = 1.
For the 8-dimensional semisimple Hopf algebra H above this integral is
∫ = 1+x+y+xy+z+xz+yz+xyz8 .
Example 7.4. It is easy to see that the following gives a representation of H into 2× 2 matrices:
x →
(−1 0
0 1
)
, y →
(
1 0
0 −1
)
, z →
(
0 1
1 0
)
.
These matrices act on basis elements of the vector space kx1 + kx2 as:
x · x1 = −x1, x · x2 = x2,
y · x1 = x1, y · x2 = −x2,
z · x1 = x2, z · x2 = x1.
Let A be the skew polynomial ring kq[x1, x2] subject to the relation
x2x1 = qx1x2
where q2 = −1 (choose q = i). Regarding A as a factor ring of the free algebra, the representation
of H listed above gives a left Hopf action of H on A.
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obvious algebra automorphisms of A. We need to check that the action of z on A is compatible with
the comultiplication of z. Using the comultiplication of z, it is not hard to check that
z · (x1x2) = −x2x1, z · (x2x1) = x1x2,
z · (x21)= x22, z · (x22)= x21.
From these equations one can check that A is indeed an H-module algebra.
The invariant subring AG under the group G generated by the group-like elements x and y is
the commutative polynomial ring k[x21, x22], and z acts on AG as the automorphism of order two that
interchanges x21 and x
2
2. It is easy to see that z is a reﬂection of the polynomial ring k[x21, x22]. Then
AH = (AG)z = k[x21x22, x21 + x22] is Artin–Schelter regular.
Note that by [KKZ2, Proposition 3.1] A has no mystic reﬂection. So all graded automorphisms
of A that are quasi-reﬂections are reﬂections, and they have the form of xi → λi xi , where only one
of {λ1, λ2} is 1. By [KKZ2, Theorem 4.5] if AG is an Artin–Schelter regular subrings of invariants of A,
then G must be generated by quasi-reﬂections. Hence all Artin–Schelter regular invariant subrings
of A under group actions are kq′ [xs1, xt2] for some s and t . Therefore AH is not equal to AG for any
ﬁnite group G ⊂ Aut(A) (but AH is isomorphic to AG for some ﬁnite group G).
Since the subring of invariants AH is regular, we may think of H as a “quantum reﬂection group”,
though we do not yet understand completely what makes a Hopf-algebra action produce regular
invariant subrings. Clearly group-like elements x and y are represented by reﬂections. We claim that
z is represented by a “quasi-reﬂection” in the sense that its trace has the same form as that of traces
of automorphisms that are quasi-reﬂections. One can show that for any j,k we have
z · x j1 = x j2, z · x j2 = x j1, z · x j1xk2 = (−1) jkx j2xk1 = (−i) jkxk1x j2.
Hence z · x j1x j2 = (−i) j
2
x j1x
j
2, so when j is even z · z j1z j2 = z j1z j2, while when j is odd z · z j1z j2 = −iz j1z j2.
It follows that the trace of z is
Tr(z, t) = 1− it2 + t4 − it6 + t8 + · · · = 1− it
2
1− t4 ,
which is in the form of a quasi-reﬂection. The multiplicative semigroup generated by the “quasi-
reﬂections” x, y, z, spans H over k, perhaps making H a “quantum reﬂection group”.
One can check that HAH (t) = Tr(
∫
, t) = 1
(1−t2)(1−t4) .
Finally, the hdet of the H action is not trivial since
hdet(x) = det
(−1 0
0 1
)
= −1 = (x).
The above example shows that allowing Hopf algebras produces more invariant subrings.
Example 7.5. The same Hopf algebra H acts on another skew-polynomial ring B to produce a nonreg-
ular invariant subring BH
It is easy to see that the following gives a representation of H into 4× 4 matrices:
x →
⎛
⎜⎝
1 0 0 0
0 −1 0 0
0 0 1 0
⎞
⎟⎠ , y →
⎛
⎜⎝
1 0 0 0
0 1 0 0
0 0 −1 0
⎞
⎟⎠ , z →
⎛
⎜⎝
0 0 0 1
0 0 1 0
0 1 0 0
⎞
⎟⎠ .0 0 0 1 0 0 0 1 1 0 0 0
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x · x1 = x1, x · x2 = −x2, x · x3 = x3, x · x4 = x4,
y · x1 = x1, y · x2 = x2, y · x3 = −x3, y · x4 = x4,
z · x1 = x4, z · x2 = x3, z · x3 = x2, z · x4 = x1.
Let B be the skew polynomial ring kQ [x1, x2, x3, x4] subject to the relations x jxi = qi, j xix j and
where Q = (qi, j) satisﬁes
(a) q1,2 = q−13,4,
(b) q1,3 = q−12,4,
(c) q21,4 = 1,
(d) q22,3 = −1.
One can check that the above representation of H gives a left Hopf action of H on B such that B is
a left H-module algebra. The details are omitted, but this can be veriﬁed using the facts that the
group-like elements x and y act as known automorphisms of B and that
z · (x22)= x23, z · (x23)= x22.
The invariant subring BG under the group G generated by the group-like elements x and y is the
skew-polynomial ring kQ ′ [x1, x22, x23, x4], and z acts on BG as the automorphism of order two that
interchanges x1 and x4 and interchanges x22 and x
2
3. It is easy to see that z is not a quasi-reﬂection
of the skew polynomial ring kQ ′ [x1, x22, x23, x4]. Therefore BH = (BG)z is not an Artin–Schelter regular
algebra (however it is Artin–Schelter Gorenstein).
Since B is a quantum polynomial ring, c4(B) = 1 and c3(B) = 0 (see the deﬁnition of these num-
bers before Deﬁnition 4.1). Molien’s Theorem [JiZ1, Lemma 5.2] can be used to compute the Hilbert
series of BH :
HBH (t) =
1
2
(
1
(1+ t2)(1− t4) +
1
(1− t)2(1− t2)2
)
.
Then c4(BH ) = c3(BH ) = 18 and hence H is not quantum-reﬂection-free. This agrees with the fact that
x and y are quasi-reﬂections (hence “quantum-reﬂections”). On the other hand, since BH is not Artin–
Schelter regular H should not be a “quantum reﬂection group”. One can check that the trace of each
of z, xz, yz, and xyz is not in the form of the trace of a quasi-reﬂection, so that H is not generated
by a multiplicative semigroup of quasi-reﬂections.
The hdet of the H-action on B is not trivial.
In the ﬁnal example we will see that AH is regular, though AG is not, so that the group-like
elements G in a “quantum reﬂection group” H do not necessarily form a reﬂection group.
Example 7.6. It is easy to see that the following gives a representation of H into 2× 2 matrices:
x →
(
0 1
1 0
)
, y →
(
0 −1
−1 0
)
, z →
(
1 0
0 −1
)
;
that is, the action of H on the free algebra k〈u, v〉 is determined by
x · u = v, x · v = u, y · u = −v, y · v = −u, z · u = u, z · v = −v.
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mial ring A := k−1[u, v] such that A is a left H-module algebra. The group-like elements x and y act
as known automorphisms of A and
z · (vu) = −z · (uv).
Here the group G generated by group-like elements x and y contains no quasi-reﬂections of A, al-
though we will see that the action H on A is not “quantum-reﬂection-free”. Further we will show
that AH is regular, so that H should be thought of as a “quantum reﬂection group”.
By Molien’s Theorem, the Hilbert series of B := AG is
HB(t) = 1
4
(
1
(1− t)2 +
1
(1+ t)2 +
2
1+ t2
)
= 1+ t
4
(1− t2)(1− t4)
= 1− t
8
(1− t2)(1− t4)2 .
It is easy to check that u2 + v2,u2v2,u3v − uv3 ∈ B . Set
a = u3v − uv3, b = u2v2, c = u2 + v2.
We have that 4b2−bc2−a2 = 0. Further elements a,b, and c are commuting with each other. Let S be
the commutative ring k[α,β,γ ]/(4β2 − βγ 2 − α2). Then there is an algebra homomorphism from S
to B sending α → a, β → b, γ → c. One can show that this homomorphism is an isomorphism S ∼= B .
Consequently, the Hilbert series of B is 1−t8
(1−t2)(1−t4)2 .
Next we prove that AH is Artin–Schelter regular. Further computation shows that z ﬁxes both
u2 + v2 and u3v − uv3, and
z · (u2v2)= 1
4
(
u4 + v4 − 2u2v2) ∈ AG .
Let T = k[a, c]. Then
T ⊆ AH ⊆ B = k[a, c][b] = AG .
Since b satisﬁes b2 − 14 c2b − 14a2 = 0, we have that B = T + Tb as a left T -module. Suppose that
r = f (a, c)+ g(a, c)b ∈ AH . Applying the action of z and using computations noted above, we see that
z · (g(a, c)b) = g(a, c)z · b, and hence
z · r = z · ( f (a, c)+ g(a, c)b)= f (a, c)+ g(a, c)z · b = f (a, c)+ g(a, c)b.
Hence g(a, c)z ·b = g(a, c)b, and since z ·b = b, we have that g(a, c) = 0. Hence r ∈ T . This shows that
AH = T , which is Artin–Schelter regular.
The Hilbert series for AH is 1
(1−t2)(1−t4) and the Hilbert series for A is
1
(1−t)2 , c2(A
H ) = 1/8 and
c1(AH ) = 1, while clearly c2(A) = 1 and c1(A) = 0. Hence H is not “quantum-reﬂection-free” although
the group of group-like elements contains no quasi-reﬂections.
Finally, one can check that Tr(xz, t) = Tr(yz, t) = Tr(z, x) = (1 − t2)−1, so z, xz, yz all have traces
that are in the form quasi-reﬂections; they generate a multiplicative semigroup of H that spans H .
Perhaps this accounts for the fact that H acts here as a “quantum reﬂection group”.
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